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Abstract

We introduce an interactive REAL-TIME simulatiorgg
of rolling balls on freeform parametric surfaces. T
simulation includes solid and hollow balls with dif g8
ferent size, moment of inertia, slip, rolling friction
collision detection and handling. We consider e
amples with several hundred balls of different type
rolling and colliding on a freeform surface limited by
closed boundary set of walls. We introduce a time d
cretization method which is a combination of a glob
nonuniform -computation time dependent- time ste
ping and a local nonuniform time discretization bast
on time-sorted event handling. Finally, we discu

some computational aspects. The examples are dBPeUre 1: A system of 1000 rolling, sliding and flying

! alls on a freeform parametric surface bounded by 4
\Rrtical planes. If the available space for the balls are
small, and the friction close to zero, as in’ this exam-

d

on a standard workstation. We use C++, OpenGL
GM._lib, an in-house geometric and graphic modeli
library developed at Narvik University College.

ple, the system looks like it is “boiling”.

1 Introduction

This paper deals with simulations and visualization ¥fe use the following definitions, notations and restric-
n-body dynamical systems where n is large (typic&Ons:

in the rangel < n < 1000. Our main goal is not
“high precision” simulation (minimizing errors) but e
"realistic” interactive real-time simulation and visual-
ization of an unstable scenario typically containing a
large number of singular events (a holonomic dynami-
cal system approximating non-holonomic chaos) as in
figure 1. This simulation address several problems, the
mathematical model of motion, including holonomic
models of gliding and rolling friction, holonomic re-
striction of a "hilly” surface given in parametric form,
real-time numerical implementation of the model,real-
time interactive 3D visualization, handling in a con-
sistent way huge numbers of singular events, etc. The
singularities can be either smooth (such as a ball lay-
ing still) or non-smooth (such as an elastic collision
between two balls or the elastic bouncing of a ball off
the surface or its boundary walls).

The surfaces c R2 is assumed to be regular. To
simplify the model we have restricted any prin-
cipal curvature orS not to be bigger than the
curvature of the biggest ball. The simplification
implies that there is only a single contact point
between the ball and the surface. However tests
have shown that in our model a big ball will move
apparently well on a surface by “waddling”. The
parametrization of the surface is defined by the
maps:U C R? = S

The trace of the contact point between a ball and
the surface i=x : [0,1] — S wherea(0) is the
start position of the ball, and(t) is the position

at timet. We also define the track curve in the
parameter spacg: [0,t] — U, wherea(t) = so



y(t). It follows that the respective derivatives are:

oty = dsY (1), » _ S
V) = (dg,ds) ks, @ 1), i S -

v (t)=p"()

whereds;) € R¥?, and the usual notation for
matrix inversion and transposition is used.

e The trace of the center of the ballfs: [0,t] —
RR3, and is defined by:

B(t) = a(t) +rng), )
wherer is the radius of the ball, angy ) is the
unit normal to the surfac®at the pointi(t). The v

curveB(t) will by definition lie on an offset sur- _ .
face toS. This offset surface is regular becaudalgure 2: A rolling ball on a surface. The four vectors

of the restrictions on the curvature 8f The two (&Tows) in the figure are the velociyt) = B'(t), the

surfaces are diffeomorphic. Two related poinf!faceé normahg,, the force of gravityG, and the

on the respective surfaces have parallel tangé®ceF from the ground on the ball. The track of the
planes. Resulting in a one-to-one map betwegfNtact pointa(t), and the track of the center of the

B anda, and thusy. The velocity of a ball at g ball B(t) are also shown in the figure. Remark tiat
given timet is v = B/(t) where: andng, start on the surface, but slightly apart from

each other. They usually do not span a plaGeand
B'(t) = a'(t) —rdsyq) (dng ey (Y (1)),  (3) v(t) = B/(t) start at the center of the ball.

and whergd'(t) is zero only ifa’(t), thus,y (t) is
zero. (The differential geometry notation and the _
choice of sign of curvature are as in [3].) 2 A ball moving on a surface

e Although we later in this article discuss elastes,n4q6 5 hall is rolling on a surface, driven only by
plastic deformation in connection with rollingyq force of gravityG. If we neglect air resistance,
balls and modeling of forces, the influence on thga o1y other force affecting the ball is the forge
tracks will be so small that we in the computayenerated by the contact with the surface. Simplify-
tions only use the original surface to find the COf3g the system we think of the two field of forces as
tact point, tangent plane and normal on the syfy, single vectors applied at each poitat the cen-
face. We do not intend to make an advanced relis of the pall, andk at a point on the surface of the
able friction model (see [8]), but be able to do eX;,)| gjightly in the velocity direction of the “attacking”
periments with controlled loss of energy. In thi§oin; of the surface normal going through the center of
article we assume a consistent set of units, agg, 15| (see Figure 2). The reason for this choice of
our implementation use the S system. contact point is that the surface normal is derived from

In the following we first describe our mathematica@n un-deformed surface, while the real contact point
model for the movement of a ball on a surface witl slightly ahead of this normal due to the deformation
friction, then the numerical and algorithmic interpresonnected with the rolling friction. At a given time,
tation of the same problem. There are some simgli-the velocity of the ball(t) is either a zero vector
fications in the mathematical model, like elasticity d@fr orthogonal to the surface unit normaj, at the
collisions, rigidity of balls, neglecting influence of aipresent contact poirmt(t) between the surface and the
and using slip and rolling frictions models based drall. We therefore define the moving “direction”
friction coefficients. The numerical implementation

of the model includes finding the closest point on a () = { %, [v(t)| >0 (@)
surface to a ball, a friction model based on Gaussian v(t), |v(t)]=0

curvature of the difference surface between the ball

and the surface. The algorithm is highly dependiMye first decompos€& as a vectof, tangential to the
on a consistent time discretization including sorting stirface, and a vectds,, normal to the surface (see
“singular” events in time. Figure 3). Similarilly we decompogeinto a vectoR




parallel to the tangent plane, and a vedtothrough
the center of the ball. The attacking point fcan
now be moved to the center of the ball. We then de-
compose the vectdK into vectorK; parallel to the
tangent plane, and vectiir, normal to the surface (see
Figure 3). The acceleration vectait), of the ball at
timet is defined by

1

= —(G+F)= !

1

5)
wherem is the mass of the ball. In the r.h.s. of (5)
the total forces are partitioned into a tangential and a
normal part. The “normal” acceleration is given by

an(t) = (G +Ky). ©)

whereGn = (G, Ng))Ng(t) andKp is determined by

Gn and the normal curvature of the surface in the ve-
locity direction, and can be expressed using the second
fundamental form [3]. The final equation must reflect
the two situations; the ball is “flying’K,, is zero, or

the ball is on the surfac&, is nonzero. Then

an(t) =n(t)Ng), (7)

where
n(t) = max((g,Nu(t)), (Anae(Y(1),Y (1)), (8)

where the gravitatiorg = £, (0,0,—9.81), and the
connection betweey (t) andv(t) is described in (1)
Projection in: L (S) and (3). Later in the article we will show that an al-

_ _ o gorithmic interpretation o&,(t) can be done using a
Figure 3: The picture shows two projections of &|psest point” algorithm.

ball rolling on a surface. At the top, the ball angpe “tangential” acceleration is given by
force/velocity vectors are projected in a plane spanned

by the normal vectony ) at the pointi(t) on the sur- a(t) = E(Gt +K(+R) ©)
face, and the velocity vectarof the ball. At the bot- m ’

tom the ball and the vec_:tors are projected in the tangwﬂerth andK, are working through the center of the
planeT ) (S) at the pointa(t) on the surfac&. The o angR on the surface of the ball. Fét there are

force of gravityG, and the force= from the ground . nossinilities; the ball has only rolling motion and
on the ball, and the velocity of the bal| are Shown o ¢ontact point between the ball and the surface is
as vectors in the figure. Note that these vectors At moving, therR is a counter reaction 6 +K; and
not in the same planea(t), () andToq)(S) are the ¢ ohasite direction, or the ball is gliding, in which
contact point, the normal, and the tangent plane on g o 5 5 counter reaction to the velocity direction of
un-deformed surfacé respectively. The real contact, ¢ontact point between the ball and the surface.
point is, slightly in the.velocny dlr_ectlon fronai(t) The rolling friction is the result of elasto-plastic defor-
due to the elasto-plastic deformation caused by Cfiation of hoth the surface and the ball. Using a sim-
tact, and the rolling friction. Remark that if the ball 'f)lified model and assuming that the ball is symmetric
sliding on the surface, the direction Bfand thus the about the center with a friction coefficient. Fur-
projection ofF in Te () (S) must be parallel to. ther assume that the surface has a non-uniform struc-
ture and a friction coefficienty ), then the maximum




rolling force at a given pointi(t) on the surface is 1. the ball is flying,w(t) is constant,
given by

Ky = —&(t)mY(t), (10) 2. the ball is rolling,|v(t)| > 0 and|v(t)| =0,
where ‘ 3. the ball is sliding|v(t)| > 0 and|v(t)| > O,
K
&(t) = (Vo Vo) Kag) (11) 4. the ballis lying still,[¥(t)| = [v(t)| = O.

whereky(y) = (ki —r) (ke —r) wherek; andk; are the The equations for state 1 are not treated further in
principal curvatures at the point(t) on the surface ihis article. In state 2 usualliR|ron < |R|max and

andr is the radius of the ball. K is the Gauss- the change from state 2 to 3 (from rolling to sliding)
curvature of the difference surface.) It follows that g triggered whenR|ro1 > |R|max In state 3 usually

is zero if the _baI_I is ‘_‘fIying”. The tangential part of tth,m” > |R|max but in a short periodR|ron < |R|max
force of gravity is given by (can be treated as an own state). This acceleration is
Gt = m(g—(g.ngu )N 12y 90ing on until{V(t),v(t)) < 0. All state changes has
‘ (g (g “(t)> G(t)) (12) to be treated as “singularities” (like collisions, see sec-
We now define a pre-description for the “tangentiation 6). Thus
acceleration by

—|RJroll %8\7 state is 2 (rolling)
A0 =07 {0 M) Moy 5OV (9 " { —IR!max\§§§§|, state is 3 (sliding) 49

The rotation of the ball is described by the rotation axﬁ]e
w(t) where|w(t)| is the rotation speed. If the ball is
rolling (the contact point is not moving), we get the . R

following relationship a(t) =a(t)+ (20)

"tangential” acceleration can be expressed as

v(t)=r (na(t) /\W(t)) ) (14) and similarilly the total acceleration is given by
If however the ball is sliding this becomes att) = an(t)+alt),
_ G R

V(t) = V(t) — 1 (Ngg) AW(L)) . (15) = g—EOV)+ 5+ () — (g Na(y))) Qcé(i))'
The sliding friction is the result of the microstructurd he general equation for the velocity of a ball is
of the surface and the ball. Using a simplified linear Z,
model, and assuming that the ball has a uniform mi- vit)=vo+  a()dt (22)
crostructure, with a friction coefficiemi, and assum- =0
ing that the surface has a non uniform structure anard the equation for the angular velocity is
friction coefficientyy ), depending on the position on
the surface, the maximum friction force at any poinvtv(t) B > K

. . = t nl =~
a(t) on the surface is given by Wo + fzoubpq(t)l(g—m W(mv(ﬂdf, state 3
(2 (23)

IKnl. (16) wherewy is the angular velocity when the ball entered
Kat) the state. The moving distance is then given by

When rolling the forceR is dependent on the moment dit) — R Ot
of inertia. For a hollow ball the moment of inertia © = ft:OV( ) .
around an axis is = o (VO+ oa() d?) .
Z Z
| = 2mp o r4sirfa da dr = Enp(r? _ rg), Equations (22 - 24) are the basis of the stepping algo-
r=ro a=0 15 rithm.
a7) : .
. . . ; In the algorithm all computations are local, and as-
wherep is the density of the balt; is the outer diam- ) .
; ) . sumes constant state during the step. Using state 2,
eter of the ball andy is the inner diameter. Then : . . ; i
rolling, as an example the moving distance will be:

ml -
iUl 18 4 - Rtf:to(va%:to (tg— &MU+

There are four states for a ball: (n(t) —1(9,Na@))) Nagyy) dif) dft.

r (v(t% ANga) state 2

R |max= Hola(t)

(24)

|R|roll =
(25)



where and finally we remove the second order terms. Then
I (26) Wwe arrive at the following linear equation which we

mr2 41’ solve for each step in the iteration
g is acceleration of gravity, the frictiog(t) is given in
(11), the velocity directio(t) is defined in (4)n(t) AA=Db (31)
is defined in (8) and ) is the surface unit normal at
the touch point. where
A — ( a1 a1z > 7 (32)
a2 a2

3 Closest Point on a surface to a ball -

a1 = (S—P,Suu) + (Su,Su),
One part of the movement equation is in directions a2 = (S—P,Sw) + (Su,S), (33)
normal to the surface. An algorithmic interpretation a2 = (S—P,Sw) + (S, S),
is to use a closest point algorithm. Global and reliablg,q
closest point algorithms usually have several disadvan- b ( —(s—p, ) > (34)
tages. They are computationally intensive, complex “\ —(s—p,s) /)’

and slow and might find more than one solution (s?_%. L . .
gy I . is is, in general, a Newton type iteration, usually

[7]). If a sufficiently good initial guess to the SOquorg:onver ing quadratically s(p) (see [2]), and in our

is available, and the surface@2, we can use a local. ging q' ) y oS P o :

: : : : implementation requires in average 3.2 iterations to

iterative method to find a closest point.

achieve more than 6 digits precision.

Definition 1 Given a poinip € R3, and a surfaces

3 nn . 2 § . . .
R withamaps: Q C R” — S We define: 4 Moving algorithm and control of

Cs(p):R®*— S (27) energy

to be a closest point on a surfadrom a pointp. By Solving equations (22 - 24) is the task of the moving
closest point we mean that the distance: algorithm. One fundamental restriction is that the state
of every ball must be kept constant during the entire
d(p,Cs(p)) <d(p,d), g€O(Cs(p))  (28) step. That is why change of state must be determined
_ . as precisely as possible, it is one of the criteria for de-
where O(ps) is a neighborhood on the surfac® (jging the time step size. The basic challenge of the
around the poinps € S moving algorithm is to integrate the acceleration term,
a(t). In the state of “flying” the acceleration is con-
) € Q and thats(u) € O(Cs(p)). stant,g, and therefore easy to solve. In the state of
dglling” the acceleration [formulated in (25)] is

Supposeau = \L/j
Then we can use an iterative method to find the clos

oint on the surfac& to a pointp “sufficient close” —~
P o _ .p P Au a(t) =1g—&(t)V(t)+ (n(t) —1(9, Ng(t))) Nax(t)-

to s(u). This involves findingA = ( AV ) such that (35)
S(u+ A) ~ Cs(p). We first approximate the positionThe last part of this expression is alwgys in the normal
In the algorithm this part is

and partial derivatives using Taylor expansion (we udii€ction to the surface. >
9 solved using closest point. In the resty— §(t)v(t),

the notatiors = s(u), s, = ;S(u) etc.): : P . )
wheretg is constant, and(t)v(t) is the rolling fric-

SU+A) ~ s+Aus,+AVS, tion (6_1 ver_y_smgll part thhe total aCC(_aIerati_on), we can
A5u+4) ~ sy+Ausu+AV Sy, (29) Use simplified integration. The algorithm simplifies to
2(u+l) ~ s, +AuSy+AVS,. first finding a preliminary step,

Then we require that the distance vecsiy + A) — Ad = At v(t) + %At2 (Tg—&(t)v(t)), (36)
p, is orthogonal to the plane tangent to the surface at
s(u+A4A);i.e. then moving the ball back to the surface, using closest
point, to get the final moving step,
(sS(u+A8)—p, 2s(u+a)) =

07
(Sutn)-p Ssuta)y=0 O Ad=Codt)+8)+1 neygeiam — A0 (37)



In order to find the change of velocity, compute

Initialize()
AV =At(Tg—&(t)v(t)), (38) Make Setl
then restrict the velocity to the plane tangent to the Y
surface at the new position s Prepare() )
_ _ Setl-9 Set2
Av = AV — <v(t) + AV, ncs(d(t)+Aa)> Ney(d(t)+ad) - I
(39) { v
Then the change of rotation is as in (23). For the other ) i
states we have: Display() Simulate()
e In state 4 (lying still) nothing is changing. Using Set2 Set2 > Setl
¢ In state 1 (flying) the equations are simpler, and | l—

the rotation is constant. _ _ _ _
Figure 4: Diagram of the main algorithm. There are

» For state 3 (sliding) the algorithm is based on th& set of positions, orientations and simulation data
same principle as for rolling. processed by the system, setl and set2. Prepare() up-
Even though the algorithm is very precise we intrélates set2 using setl, display() uses set2, and simu-
duce a correction step. Preserving and controlling tlaée() updates setl using set2.
energy is very important to keep it consistent. The ki-
netic energy depends on velocity and rotation such that
models. An improved version of DES is the “Time

1 1
Ec(t) = am(v(t),v(t)) + 3l (w(t),w(t)) (40) Warp algorithm” introducing local virtual time (LVT)
= i(m+ r|7) (v(t),v(t)). for each process, and global virtual time (GVT), where
_ . GVT is the minimum of all LVT’s.
Potential energy varies as In our simulation we use a method similar to the “time
warp algorithm”, using a global time stepping decid-
Eaa =m(g,Ad) (1) oot s hen

ing the frame rate of the visualization and the precision
of the simulation, and a local time discretization based
on what we call “singular” events. If the simulation is
Er = m&(t) (V(t),Ad). (42) supposed to be real-time there must be a global time-
discretization based on the computer clock. There are
To ensure the preservation of energy we apply two main methods used; using a uniform time-step so
big that one can guarantee that the simulation and dis-
_ 2m ~ play always can be done during this time, and then us-
v(t+a)] = \/ (9= &V, Ad)+ {v(t), V(1)) ing a wait statement for the rest of the time, or using a
(43) non uniform time-step, depending on the computation-
thus correcting the speed of the ball and the rotatitiine used in the previous step. The last method is
speed. The velocity direction is not changed. not necessarily real-time because the time used in one
simulation step determines the next time-step, how-
. . ever it has a lot of advantages. In most simulations
5 Algorithm main part the computation-times are generally the same for ev-

0 £ h ti tant parts of the alaorith ery step. This means that the method will, almost al-
ne of the most important parts ot the aigorithm {ﬁays,work as areal-time method, and at the same time

consistent and effigient time-step hanQIing. n [.9] >®¥e consistent if a case with more computations occur.
eral methods are discussed; Retroactive detection ( fher advantages is that the method optimizes utiliza-

'S a_method usmg_small_steps_an_d checking for d'SC?Q{n of computation resources, and that the time-step is
tinuities. If there is a discontinuity RT steps back t8

) ) _ ecided automatically. In our main algorithm the non
that time and “position”. Conservative advancemem;‘iform global time-step method is used:

(CA), is based on “never pass a discontinuity” philos- '

ophy, and tries to step to the discontinuities. Discrefégorithm 1 The main algorithm,

event simulation (DES), is often applied to very largaitialize();

and loss of energy by friction is given by

i
12



prepare(); properties:

while(not finished) e |tcan be ordered,
In parallel display(); Given a set of singular event elements. The set is or-
and simulate(time-step); dered if the sequence of the elements are sorted based
prepare(); on when the event occured, and that the first element

In the alaorithm the ti ten is the i q ._in the set represent the event occurring first.
n the algorithm the time-step is the time used singe |, .-~ be made unique,

the previous call to simulate(). The purpose of ﬂ]f set is unique if no pair containing two elements of

simulation algorithm is to update the position, orientﬁie set are equal. To make a set unique the first ele-

tion, velocity and rotation data of each dynamic objeﬁ%ent occurring must be kept, all the latter equal ele-
(ball) based on the changes during the last time-st¢rer||oen,[S must be removed ’

Position and orientation is stored in the homogenous-

matrix stack of the graphic system, and velocity aréduilding an ordered and unigue s8tis only the first

rotation are properties of each ball. . .
: . : : step in a dynamic process. To make a set empty by
The algorithm is possible to parallelize, as there are .
. ) . . removal and then performing the removed event may
two sets of position, orientation, velocity and rota- o : :
sult in inserting new elements into the set. A de-

tion data for each object. The first set is in the Iocé‘? fintion of the Drocess is:
coordinate-system, and the second is in global coordfi- P P '

nates. The simulate() function updates set 1, and Pe-remove and process the first elemépt

pare() updates set 2 using set 1. Both simulate() af‘:dinsert all new events occurring
display() use set 1 (in global coordinates) in their com- as a result of performingo

putations (see figure 4). Therefore simulate() and dgs- Make® ordered and unique

play() are able to run in parallel, while prepare() muat If & is not empty go back to 1
be run separately. Thus the algorithm is well suited for '

hyper-threading and dual-core technology. This process builds a vectgr= {yo,y1,...,Yn}, 0 <
yi <1l i=0,...,n, which define the local time dis-
6 “Singular” events cretization by splitting the global time-step in non-

uniform parts based on “singular” events.

“Singular” events are the fundamental elements for the
algorithm of the refined local time-discretization.

W ..
define an object describing a singular evénas % Collision between two balls

Definition 2 {; is an object describing singularFor each ballb;, assume a step vectdr describing
events, which can be indexed and contains: the trace of the center of the ball during the remainder
. . of the present time-step, is available. In a collision
* %€ (0,1, time as a part ofat_lme step., between two balls we start with two balls and their
. referenceg to the balls/plane involved in the evenstrep vectors and we want to findae (y;, 1] (the part

* astate telling the type of event. of the time-step used when collision occur), whgye
The different type of states for a singular event is: is the “time” position of the previous “singular” event.
We start with the positions of the balls; andp,, the
step vectorsl; andd,, andr =r1 +r», the sum of the
radii of the two balls (see figure 6). We first compute
the distance vector function,

1. acollision between two balls,

2. acollision between a ball and a plane,
3. aflying ball colliding with the surface,
4. aball changing state (see section2).

The relations between two elemegtand{; of singu- d(x) = p1+xd;—(p2+xdz) (44)

lar event object are: = a-—xb,

o (i<(, i x<X. where

e (i=(;, if ( and{;have reference to atleast a = pi1—p2, 45
one common dynamic object (ball). b = dy—dj. (45)

Definition 3 A singular event s& is a finite set con- Then
taining elements of a singular event. The set has two (d(x),d(x)) =r?, (46)



Figure 5: The figure shows two balls with center poinEgure 6: The figure shows two balls with center points
p1 and p», and their respective step vectatg and p; andp,, and their respective velocity vectarsand
d,. Note thatd; andd, are not necessarily in a comv,. Remark thav; andv; are not necessarily in a com-
mon plane. Assuming constant speed along the stepn plane. The balls are in contact and the length of
vectors, the figure shows the position of the colldistance vectofd(x;)| = r1 +r2, wherer; andr; are
sion between the two balls, where the distance vecte radii of the two balls. The velocity vectors are de-
|d(x)| = r1+r2, wherery andr; are the radius of thecomposed into a vector parallel to, and the other or-
two balls. Note that there are two “solutions”, whethogonal tod(X;).
the balls collide, and when they have been intersecting
and are leaving each other.
8 Energy exchange in ball/ball colli-
sion
gives the following solution
A complex impact model is based on a friction model
2 using the product of the frictions coefficient for both
X = (a,b) — \/<a,b> — (b.b)({a.a) —r2)' (47) balls, hil;. Vifirst define the distance vectdrfrom
(b,b) the center of ball 1 to the center of ball 2. If we de-
compose the velocity vector of a ball into a part paral-
Note that we use the minimum solution to find wheg| o d, vg, and one orthogonal pavt, (see figure 6).

the collisions occurs, and not the time when the ball also get the relative velocity vector of the contact
are leaving each other after intersecting (see figure gint between the two balls:

There are some problems connected to equation (47): i
2

o n o
o if (a,b)*— (b,b) ((a,.@) —r2) <0, Vn = Vi1 V“2+|d|(W1/\d) d|(W2Ad), (48)

no solution, the shortest distance is to long.

wherevy lies in the plane tangent to the contact point
e if (b,b) <o, & - a tolerance depending on thef the balls. The equations are similar to, but more
precision & 10~° for single precision), complex than the equations in section 2, with 2 states,
no solution, implies that the two vectods and sliding or not sliding, depending on the impulse in di-
d, are almost equal (parallel and equal lengthectiond.
If additionally (a,a) —r? < 3, the two balls are Because of the computational complexity (resulting in
moving in parallel touching each other. In thigeduced framerate), we are, for the moment, using fric-
situation experience has shown that the algorithivnless impact (see [1]). From the equation (40) we
will fail. In order to prevent this, one solution is tqyet:
set the two step vectors andd, equal:d, = d;. Ex(t) = w(v(t),v(t)). (49)
e if X € (yj,1] there is a solution, wherg is the where: 1 ( | )

last accepted singular event. W= (50)



Using the decomposed velocitigg andv,, we can and record singular events found (type 1)
divide the energy of this in two orthogonal directions while(set of singular events is not empty)
(Pythagoras). In the impact we assume thais un- make the set of singular events ordered
affected. Then we look at of both balls and treat this make the set of singular events unique
impact as a central impact. From equation (49) we get treat the first singular event:

remove it from the sah

W1(Vi11 — Vo) = P2(Vazo—Vap1),  (B1) make the step and update the data
for the affected balls:

and .
compute new preliminary:

@1 (V11 — Vo) = W2(Veiz0 — Vaiz1) (52) cphange ofzosition, v%alocity, rotation
wherevyyg is the velocity, as a scalar, of ball 1 in di- and record singular events found, 3,4
rectiond before the collisionyg11 is the velocity, as a compute affected ball/plane collisions:
scalar, of ball 1 in direction after the collisionygzo and record singular events found, 2
and vy is the before and after “scalar” velocity for for all unique combination of two balls
ball 2. Index 1 and 2 fow indicate the ball it belongs where one is an affected ball
to. The resuling equations are compute ball/ball collision:

——— 2w, and record singular events found, 1
Va1l = V410 + Vd20, (53) o for each ball
01+ W2 W1+ 002 make the final step and update
and position, velocity and rotation.
V21 = W2~ %1 Vaio+ 201 Vd20 (54) The algori i [
1+ 0, 1+ . gorithm consists of four parts, each marked with

ao. The order of the first and the fourth part@gn),
while the order of the second part @&n?). The or-

der of the second part can be reduced by using some
kind of sorting, but the computational cost of doing
this might easily exceed the cost of the core collision
detection. The third part is depending of the dynamics
of the system, the number of change of states and col-
lision detected (and thus depending of the total energy
and the available space in the system). Tests done by

9 The local simulation algorithm our program has shown that even for a “boiling” sys-
tem the cost of the third part is small compared to the

The next important subject of the algorithm is the réther parts.

finement of the time-discretization based on singular

evenFs. This reflne.menF is done in the. S|mqlat|oni)0 Conclusion
function. The algorithm is based on an iterative pro-

cess finding the next local time step, and based on g strong point of our method/application is the al-
process described in section 6. Thenark in the fol- gorithmic structure, and how it makes it possible and
lowing algorithm indicates where the next local timgasy, to increase the complexity without changing the
step is fixed. Note that when this happens the restfycture. It is an efficient and “complete” algorithm,
the set of “singular” events might change. with the possibility of using a large number of balls
in the simulation. Together with the structure of the
algorithm there are some pre-evaluations boosting ef-

and the velocity for ball 1 after impact is given by

v,
Vi1 =Vn1+ %d (55)

and similarilly for ball 2 after impact

v,
V21 = Vn2 — %d- (56)

Algorithm 2 The local simulation algorithm,

o for each ball ficiency. Some of the problems solved in the applica-
compute preliminary: tion, are not treated in this article, like the importance
change of position, velocity, rotation of an efficient evaluator for the surface [4], including

and record singular events found,(type 3,4)re-evaluation of basis functions (see [6]). The ball-

compute ball/plane collisions: plane collisions problems are mostly the same as for

and record singular events found (type 2) ball-ball collisions, so one can use similar methods. In

< for all unique combination of two balls a line-surface intersection, used in connection with a

compute ball/ball collision: ball bouncing on the surface, one can use an algorithm



like the closest point algorithm, but on the offset sur{9]
face.

There are obvious applications in 3D game engines
and visualization, and as computational cost decreases
it may be possible to extend this method to particle
simulations and perhaps other areas such as fori )]
stance wave phenomena.

There is still a potential for improvements of the algo-
rithm, especially regarding performance and realism.
Developing an improved friction model for impacts
and parallelizing the collision treatment are some of
the most important issues. Using Graphic Processor
Units (GPUSs) for the simulation algorithm [5], with its
streaming technology is also a topic for possible im-
provements.
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